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Abstract 

Algebraically special gravitational fields are described using algebraic 
and differential invariants of the Weyl tensor. A type III invariant is also 
given and calculated for Robinson- Trautman spaces. 
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1 Introduction 

It is well known (see [1] and [2]) that the two algebraic invariants 

/ = J + Cafccd + C""^'', (1) 
J = YCabcd + C^\f^C<'^''\ (2) 

where +(7 is the self-dual part of the Weyl tensor, provide a partial classification 
of the Weyl tensor. Moreover, if x is the cross ratio of any four null directions 
then 



(x+l)(x-2)(x-^ 



\qj'[{x + u){x + ^^)T (3) 



where uj = e^". In particular = Q,P ^ <^ x ^ {OiljOo} '^=^ (2,1,1) or 
(2,2). 
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2 Classification 



For any Fated with symmetries similar to the ones of +(7 we define 

J p pabcd -p rs-pe-f9h;tu_ , , 

remark that for any null field F, Jp is the invariant J in [3] . We are particularly 
interested in J a, Jb and J+c where 

^abcd = IBabcd — J^Cabcd (5) 
B^'cd = \ + C-\e + C'\d-\l+C (6) 

where (5"^ = \ (rUdgbc - gacQbd - iVabcd) > V being the Lcvi-Civita tensor. Notice 
that when P = 6J2 the tensor A is nuU {Aabcd = 6*^(3*2*4 - ^D^ab^Vcd) 
in the case (2,1,1) and it vanishes in the more degenerate cases (see [1]); for 
I = J = the tensor B is null {Bated = —'^^s^at^cd) in the (3,1) case and 
zero otherwise. Moreover 

Ja = |96*2(3^,2*4_^2)p2|4^ 

Jb = \8^3pf. (8) 

In conclusion, for space-times admitting an expanding congruence we have 
the following classification: 

. 73 ^6J2, 77^0, J^O: (1,1,1,1); 

- /3 = 6J2 ^ 0, Ja : (2,1,1); 

- J3 = 6J2 ^ 0, Ja = : (2,2); 
-7 = J = 0, Jsy^O: (3,1); 

-I = J = 0,Jb=0,J^c^O- (4); 

- 7 = J = 0, Jb = 0, J+c = : (-). 



3 Further remarks on the (3,1) case 

For 7 = J = case we can alternatively use the first order invariant obtained 
in [4] 

<JP — ^ ^amcn;e^ '^lbrd;s \i>j 

to distinct (3,1) case from more degenerate ones. 

We did not investigate systematically invariants of second order but we men- 
tion that if 

F>rst = ^(^abcd;r^C"'^'"^;st (10) 

then 

D = i5[.,]t:D["i* (11) 
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has the fohowing expression for a (3,1) Robinson- Trautman solution with P = 



D 



A4 



(12) 



+9- 



.13 



Remark that for (3,1) and (4) cases, the geometry of each hght cone is 
independent of the one of its neighbors; and both Jp and Jb depend only 
on the geometry of each individual light cone. However, the invariant D also 
depends on the rate of change of the geometry from one light cone to another. 
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